Forward rate unbiasedness postulates that the forward rate is an unbiased estimator or predictor of the future spot rate. This case of risk neutrality has been tested extensively especially in the foreign exchange market. This paper departs from this line of research and studies unbiasedness at the short end of the interest rate market. Although, a priori, an investment of 6 months and an investment of three months rolled over for an additional 3 months are commonly believed to be riskless at first approximation, our results show otherwise. The precision of our estimators unveil a small but statistically significant risk premium. The latter has two components, a constant risk premium and a time-variable one. The constant risk premium is estimated to be 14.4 basis points. The time-variable risk premium ranges between a maximum of 184.6 basis points, and a minimum of -123.2 basis points, and averages 5.4 basis points. The methodology in this paper is amenable and adaptable, with little adjustments, to other maturities. This is an agenda for the future.
Introduction
The expectations theory of the term structure of interest rates is known at least since the 1930s (Fisher, 1930; Keynes 1930 ). In its "pure" form it states that the long interest rate is an average of expected sho rt term interest rates. This implies that the forward rate is an unbiased predictor of the future rate. This has also been called forward market efficiency. The basic tenet is that there is no risk premium, whether constant or time -variable. Unfortunately the unbiasedness of interest rates has not been researched well enough. Most studies apply the expectations theory on currency markets (see the references below). This paper will test forward market efficiency in the interest rate market, specifically between an investment for 6 months and an investment for 3 months, i.e. between the 6-month US T-bill rate and the 3-month US T-bill rate. Since the data is overlapping the residuals from a regression of the forward rate on the expected future rate are auto-correlated. As Verbeek (2012) suggests, a way out of this problem is to apply Newey-West heteroscedasticity and autocorrelation (HAC) standard errors and covariance.
The expectations theory states that the long rate is proportional to the equally weighted e xpected series of short term rates, where 0 is the expectation operator for the information set at time 0 (i.e. today) (Azar, 2018) : 
where is the long rate with a maturity , and is the short rate with maturity 1 < = . If is a random walk, then 0 ( ) = 0 , for = 1 → ( − 1), and equations (1) and (2) 
where is a stationary white noise process, having a mean of zero, if the pure expectations theory holds, and having a mean if there is a stationary and constant risk or liquidity premium, and having a mean of if the premium depends on the maturity . Other forms of premiums are also consistent with the equation. For example, the value can be time-variable, and possibly auto-correlated. Equation (3), which states that the spread between long and short rates is stationary in distribution, has been tested by Campbell and Shiller (1987) , Shiller (1989) , Campbell and Shiller (1991) , Choi and Mohar (1991) , Hall et al. (1992) , Hejazi et al. (2000) , Longstaff (2000) , Bekaert and Hodrick (2001) , Thorton (2005 Thorton ( , 2006 , Konstantinou (2005) , Sarno et al. (2007) , Mills and Markellos (2008) , Suardi (2010) , Finlay and Jones (2011), and Strohsal and Weber (2014) with mixed results. Most papers find that the highly reputable expectations theory does not deserve its renown.
Usually equation (1) is linearized, by assuming (1 + ) ≈ for small near zero, or else continuously compounded interest rates are utilized:
is brought to the left hand side of the equation resulting in the following specification (with conditionality):
] If is a random walk then the above collapses to:
− 0 = where is a stationary white noise process having a mean zero, if the pure expectations theory holds, having a mean of if there is a stationary and constant risk or liquidity premium, and having a mean of if the premium depends on the maturity . Other forms of premiums are also consistent with the equation. For example, the value can be time-variable, and possibly auto-correlated.
The paper is organized as follows. In the next section, section 2, the theory is presented and analyzed. The section includes some recent literature on the unbiasedness hypothesis. Section 3 is the empirical part. The last section summarizes and concludes.
Theory
We denote by the forward interest rate calculated at time for a maturity that starts at time + 1, equal to 3 months, and that matures at time + 2, i.e. in 6 months. Let +1 be the actual yield, i.e. the quarterly T-bill rate, that will be observed in 3 months, and let the expectation operator be for the information set at time , i.e. today. Then in case of risk neutrality and no arbitrage:
The last term on the right-hand side of equation (4) is akin to a simple regression with an intercept equal to zero, and a slope equal to +1. If there is a constant risk premium then we have (Fama, 1984) :
In case the risk premium has two components: a time-variable premium and a constant risk premium, then we have:
[ +1 ] − − = ⇒ +1 = − + − + +1 This is equivalent to:
The time-variable risk premium is assumed to be known at time . If not the ex post time-variable risk premium +1 will replace . In addition if +1 is forecastable we will replace by ( +1 ). As a matter of fact +1 will be found to be predictable by a parsimonious Box-Jenkins ARMA model. Finally, if there is a time-variable risk premium that is correlated with the forward rate, then we have:
with > 0 Testing forward rate unbiasedness, or in other terms forward market efficiency, has benefited strongly from the advent of cointegration techniques. At the same time data on foreign exchange rates and forward exchange rates became available and cleaner. For the literature before the advent of cointegration the reader is referred to MacDonald (1988) . The new cointegration techniques allowed a shift of the research from being a regression of the expected depreciation on the forward premium, or on the interest rate differential, to a regression in log-levels whereby the log of the level of the future spot rate is checked for cointegration with the lagged forward rate. Initially the econometric results were supportive of the unbiasedness hypothesis (Baillie and Bollerslev, 1989) . The tests by these authors are relatively robust since they use pooled or panel data which multiplies the degrees of freedom and avoid small sample bias. Other authors found a bias in the forecast equation which forces the intercept to be zero and the slope to be +1. However, lately the literature has shifted to two new specifications for the risk premium to explain the bias. One specification is non-linearities in the deviation from Uncovered Interest Parity 1 (UIP) (Sarno et al., 2006) , or the presence of endogenous structural breaks (Hatemi-J and Roca, 2012) , or the parting of the variables between permanent and transitory components (Al-Zouby, 2010) . Another approach is to test a joint hypothesis whereby the contemporaneous spot rate is cointegrated with the forward rate, and the other whether the forward rate is an optimal predictor of t he future spot rate. The former hypothesis is implied by the random walk behavior of the spot exchange rate (McMillan, 2005) . Finally there was an attempt to model the risk premium as a non-stationary process which implies a paradox. One cannot find cointegration between the forward rate and the future spot rate, and a cointegration between the forward rate, the risk premium, and the future spot rate (Kellard et al., 2001) . This paradoxical effect is reconciled with theory only by assuming that the risk premium is stationary.
Empirical Analysis
First, the data is tested for unit roots. The unit root test that is selected is the KPSS test (Kwiatkowski et al, 1992) . This test has the null of stationarity, and, compared to other tests, does not bias the results by over-rejecting the null hypothesis of stationarity. The quarterly and the semi-annual T-bill yields, together with the forward rate, follow all three a non-stationary distribution which dissipates in first-differences. The spread between the realized actual rate and the forward rate is stationary in distribution. Finally the ex post risk premium, which is the difference between the yield on an investment for 3 months rolled over for another 3 months, and the yield for an investment for six months, is also stationary. It must be mentioned that the rates for these two investments reject individually stationarity. This is more evidence that the ex post risk premium is stationary in distribution because the holding two period returns are non-stationary but are cointegrated, and have a stationary spread. All test results are available from the author upon request.
There are three consecutive panels in Table 1 , which is captioned by the term "level regressions." All three panels are divided into 5 parts. The first part is fitting an Autoregressive Distributed Lag model, known as ARDL. The second part is estimating by Ordinary Least Squares (OLS) the same model with Newey-West heteroscedasticity and autocorrelation (HAC) standard errors and covariance (Newey-West and OLS, DOLS, and Canonical Cointegrating Regression, CCR. Each panel studies one version: regression of the 3-month Treasury bill yield on the forward rate for the period three months ahead, including in the regression the ex post risk premium, and running a regression of a model of the holding return on an investment for 3 months rolled over another 3 months on the holding return of an investment for 6 months. The ex post risk premium is modeled as the rolling premium, i.e. the difference in the holding return of a 6-month investment and a rolled over investment of 3 months. The 3-month return is the quarterly US T-bill yield, and the 6-month return is the 6-month US T-bill yield.
The ARDL regressions that are reported are for the long run impacts. One advantage of ARDL is that it does not impose the same lag length for all exogenous variables. In addition it permits the inclusion of dynamic regressors and fixed regressors. The dynamic regressor are non-stationary while the fixed regressors are the stationary variables. The first ARDL model, between the 3-month T-bill and the forward rate, is peculiar for three reasons. The first is that the constant is statistically insignificantly different from zero, while in the other four models the constant is negative and statistically highly significant. The constant is a measure of the constant risk premium. Second, the slope on the forward rate is +1 by inferential statistics. One would expect a bias. Third, the F-bounds test fails to reject the null hypothesis of no-cointegration, although the residual-based tests of Engle and Granger and of Phillips and Ouliaris reject this null. Overall one can conclude that this ARDL model is not satisfactory, casting doubts on the validity of the underlying model which is the risk-neutral unbiasedness hypothesis. The results of estimating the same model with OLS, and using Newey-West standard errors, are not favorable to the assumption of risk neutrality either, although the slope on the forward rate is insignificantly diffe rent from +1, having an actual t-stat of -0.1271. The reason for rejecting neutrality is that the constant is negative, as expected, and is highly significant statistically. This constant risk premium is -0.1956, or 19.56 basis points. This model also produces some peculiarities when the 3 cointegration techniques are applied to the data. All three find a statistically significant constant risk premium, having the expected negative sign. This risk premium is estimated by the three aforementioned techniques: -0.3246 (FMOLS), -0.3388 (DOLS), and -0.3247 (CCR). However these three estimates are higher than the single OLS estimate of -0.1956. Another peculiarity is that the slope on the forward rate is found to be significantly greater than +1, at the 5% one-tailed test. The critical t-statistic is 1.645, while the actual t-statistics are 1.6775 (FMOLS), 2.5308 (DOLS), and 1.6773 (CCR). Granted these two peculiarities the unbiasedness hypothesis under risk neutrality is rejected. 6-month yield minus and the 3-month yield rolled over one additional quarter.
The second panel shows the results of regressing the actual T-bill yield on the forward rate and on the rolling premium, defined as the difference between the holding return for a 6-month investment and the ex post holding return of the quarterly T-bill yield, rolled over another 3 months. Since this difference is found to be stationary it is included in the ARDL specification as a fixed regressor, in contrast to the forward rate which is included as a dynamic regressor. Moreover the rationale in including this fixed regressor is by assuming perfect foresight. Later this assumption will be relaxed. This rolling premium enters significantly in all 5 estimation techniques mentioned above. The actual t-statistics are -18.0043 (ARDL), -4.2847 (OLS), -11.2774 (FMOLS), -510.548 (DOLS), and -9.4448 (CCR). Given that the sample is large these t-statistics can be compared to the z-statistics of a standard normal table. The coefficient on the ex post variable risk premium, that is included in the regressions, is close to -0.72 for three estimates (OLS, FMOLS, CCR), a bit higher at -0.4909 (ARDL), and much higher at -1.9602 (DOLS). These results ascertain that there is a statistically significant time -variable premium. This should not obscure the fact that there is also a constant risk premium of -0.25 (FMOLS, CCR). The other three estimates are outliers. For example the ARDL technique implies a positive time -variable risk premium, the DOLS implies a small and negative premium, and the OLS technique implies a coefficient of -0.1225. The slope on the forward rate is close to +1 but is significantly higher than +1 for three techniques (FMOLS, DOLS, CCR) and no different from +1 for the remaining techniques (ARDL and OLS). Although the results produce statistical significance the finding that the slope on the forward rate is differe nt from +1 casts doubts on the model, unless if the variable risk premium is a function of the forward rate. Incidentally the F-bounds cointegration test, the Engle-Granger residual-based test and the Phillips and Ouliaris residual-based test, all three reject the null of no cointegration at very low marginal significance levels.
The third panel consists of the results of regressing the holding period for a 3 -month investment rolled over another three months, on the holding return over 6 months. The choice of the first holding period return from rolling over the 3-month investment as the dependent variable is dictated by the fact that the second holding period return, the yield on a 6-month T-bill, is known for sure and in advance. This does not apply to the rolled over investment. The 5 regressions purport to find out whether the rational expectations assumption holds in the sample. If it does then the constant should be statistically insignificant and the slope no different from +1. The estimates of the constant are economically minute since they vary between 0.00112 and 0.00184 or between 0.112 and 0.184 basis points per annum. There is one outlier (ARDL). The slopes are all close to +1, but are estimated to be higher than +1 in 3 cases (FMOLS, DOLS, CCR) and equal to +1 in two cases (ARDL, and OLS). The high precision in the estimators explains the finding of statistically significant results. But economically the rational expectations hypothesis is given some support. Finally the F-bounds cointegration test, the Engle-Granger residual-based test and the Phillips and Ouliaris residual-based test, all three reject the null of no-cointegration at very low marginal significance levels. Table 2 is also about level regressions. The panel has five parts similar to the five parts in Table 1 . The model in all parts is a level regression between the actual 3-month T-bill rate on the forward rate with the inclusion of a time-variable risk premium. Instead of taking the actual ex post risk premium and assuming perfect foresight, the risk premium is modeled as an ARIMA(1,0,1) process. The fitted value from this Box-Jenkins model is the second variable in the regressions. The ARIMA model is as follows with actual two -tailed p-values in parentheses:
̂= 0.111538 (0.0054) + 0.629063 (1)(0.000) + 0.496544 (1)(0.000)
The 5 regression techniques produce the following. First, what is surprising is that the constants of the regressions take both positive and negative values which happen to be statistically very significant. Although the slope on the forward rate is very close to +1 it is estimated to be significantly higher than +1. From these results one cannot judge whether any theory is verified. However the evidence for cointegration is strong. The F-bounds test has an actual F-value of 36.63, a value which implies a statistical significance well below the critical value of 1%. The Engle-Granger residual-based tests are also supportive of cointegration. While one finds a bias in the slope of the forward rate, it is the slope of the time-variable expected risk premium that is crucial. The estimated slopes are all negative, as expected, and highly significant statistically. Table 3 provides for a measure of the constant risk premium by regressing the spread between the actual 3-month T-bill rate and the forward rate, on a constant. There are three procedures that correct for autocorrelation and heteroscedasticity: OLS, OLS with White-Hinkley standard errors, and OLS with Newey-West standard errors. The estimates are all the same, obviously, but the statistical significance varies. It is 0.0000 for the first two procedures and 0.0074 for the third one. This confirms that the constant risk premium is negative, as expected, and equal to -0.2157, or -21.57 basis points. Notes: T-statistics in parentheses. Table 4 takes the spread in Table 3 and regresses it on a constant and on the ARIMA expected time-variable risk premium, with the same three econometric procedures as in Table 3 . The constants are now lower at -0.0663, or -6.63 basis points, but the slopes are all higher than +1 in absolute value, and statistically significantly higher than +1. Table 5 is similar to Table 4 but, instead of the expected risk premium, the independent variable is the ex post risk premium. The constants are somewhat higher at -13.47 basis points, and the absolute slopes are insignificantly lower than +1 in the two regressions with adjustments of the standard errors. Because of these results we shall adopt the findings in Table 5 as those that are applicable. Therefore the conclusion is that the forward rate is an unbiased predictor of the future rate, with the addition of a constant and a time -variable risk premium. The constant is -13.47 basis points as already mentioned, and the mean effect of the ex post time-variable risk premium is an additional -8.11 basis points, giving a total average risk premium of 21.58 basis points. This is on the upper side of the actual historical premium between the 6 and 3-month investment of 14 basis points. This variable risk-premium has a maximum of 184.6 basis points, and a minimum of -123.2 basis points. If one takes the median estimate the time-variable risk premium averages 5.15 basis points, making a total of 18.62 basis points. Given the small-sample bias and the presence of sampling errors such an estimate mirrors a satisfactory achievement to explain the average risk premium. It must be noted that the actual historical risk premium of 14 basis points is the spread between 6 and 3-month investments, while the risk premium estimated in this paper is between the expected 3-month interest rate and the 3-month forward rate. Therefore hedging in forward markets carries an additional risk premium that speculators are likely to require. Exhibit 1 depicts the total risk premium, in which the time-variable risk premium is added to the constant risk premium. The graph shows very high volatility, but this is just due to the fact that the graphed series is blown out of proportion. The actual risk premium varies in a close bracket, between -1% and +2%, and this is only at times of high turmoil in financial markets (the early 1980s). Most of the variation is centered at 0.25%, or 25 basis points. However, one cannot ignore the visual evidence that the risk premium has moved in clusters, implying the existence of serial correlation and conditional heteroscedasticity. This is confirmed by the Ljung-Box Q-statistics. Exhibit 1. Total risk premium
Conclusion
This paper studies the relation of unbiasedness between the 3-month forward interest rate, derived from US T-bills, and the 6-month US T-bill interest rate. Risk neutrality, forward market efficiency, and unbiasedness are rejected in our sample. This implies the existence of risk premiums. There is strong evidence for a constant risk premium and a time-variable risk premium. The constant risk premium averages 13.47 basis points and the average of the time-variable premium is 8.11 basis points, making a total of 21.58 basis points. The time-variable risk premium ranges between a maximum of 184.6 basis points, and a minimum of -123.2 basis points. If one takes the median estimate the time-variable risk premium averages 5.15 basis points, making a total of 18.62 basis points Therefore hedging by forward rates is not risk-neutral, or, else, forward transactions carry a certain risk. Although this risk premium is small, i.e. is less than 1%, it is still highly significant statistically. The results contradict the notion that the short end of the interest rate market is practically riskless. An avenue for future research is by studying other maturities. The methodology in this paper is appropriate for that purpose, and little is needed to adapt it.
